Abstract. The notion of F−geodesic, which is slightly different from that of F−planar curve (see [13] , [17], and [18]), generalizes the magnetic curves, and implicitly the geodesics, by using any (1,1)-tensor field on the manifold (in particular the electro-magnetic field or the Lorentz force). We give several examples of F−geodesics and the characterizations of the F−geodesics w.r.t. Vranceanu connections on foliated manifolds and adapted connections on almost contact manifolds. We generalize the classical projective transformation, holomorphic-projective transformation and C−projective transformation, by considering a pair of symmetric connections which have the same F−geodesics. We deal with the transformations between such two connections, namely F−planar diffeomorphisms ([18]). We obtain a Weyl type tensor field, invariant under any F−planar diffeomorphism, on a 1−codimensional foliation.
Introduction
Recently, in mathematics literature, a series of papers on magnetic curves, inspired from theoretical physics (see [1] - [3] , [5] , [8] , [11] , [21] ) have appeared. The Lorentz force, the electro-magnetic tensor field, as well as some special forces involved in the Euler-Lagrange equations from Lagrangian mechanics, lead us to consider an arbitrary (1, 1)−tensor field F on a differentiable manifold. By using it, we deal here with a notion which generalizes both the classical equations of geodesics and magnetic curves, namely the F−geodesics on manifolds, with the purpose to unify these classes of curves on one side, and to provide a geometrical model for some physical particles, satisfying certain differential equations, on the other side. The notion of F−geodesic is slightly different from F−planar curve (see [18] and the references therein).
(H−projective) transformation from both the complex (see [31] , [26] ) and locally product (para-complex) context (see [24] , [25] ), as well as the C−projective transformation from the almost contact case (see [15] , [22] ).
On a 1−codimensional foliation, we construct a tensor field of Weyl type which is invariant under any F−planar diffeomorphism.
Throughout this note, all geometric objects are assumed to be smooth, the Einstein convention summation is used, and the derivativeγ(t) with respect to t of a curve γ(t) on a manifold denotes the speed vector field, while the derivative of a function f is denoted by f .
F−geodesics
The main ingredients used in the present note are provided in the following: Notations 1: By a couple (M, F) (resp. a triple (M, F, ∇)) we mean a manifold M endowed with a (1,1)-tensor field F (resp. a couple as above, with a linear connection ∇).
The following notion is slightly different from the notion of F−planar curve (see [13] , [17] , and [18] ), it generalizes the geodesics, and it is followed by some examples. Definition 2.1. We say that a smooth curve γ : I → M on a manifold (M, F, ∇) is an F−geodesic if γ(u) satisfies:
Note that the above notion is completely different from that of Φ−geodesic (see [28] ), which means a classical geodesic on a Sasakian manifold, whose velocity vector field is horizontal.
Remark 2.2. (a)
If t is another parameter for the same curve γ(u) then the relation (1) becomes:
where α and β are some functions on the curve γ(t).
(b) A curve γ(t) satisfying the relation (2) describes an F−geodesic up to a reparameterization. (c) From geometrical point of view, an F−geodesic (up to a reparameterization) is defined as a curve γ(t) such that the parallel transport along the curve preserves the tangent subspace (of dimension 1 or 2) spanned byγ(t) and Fγ(t).
(d) F−geodesics are a special case of F−planar curves. Not every F−planar curve is an F−geodesic, because generally, a transformation to a canonical parameter in equation (2) , with a given tensor field F does not necessarily lead to the form (1), but to a form
with a function f of parameter t.
e) The variational problem of F−planar curves was solved in [14] (see [16] ).
Recall from the Riemannian context, the existence and uniqueness of the solution of a second order differential equation with initial data, which gives the existence and uniqueness of a geodesic passing through a given point p ∈ M, with a given velocity X p ∈ T p M. These properties are extended in [3] to magnetic curves corresponding to an arbitrary magnetic field. The first question arising on a triple (M, F, ∇) is about the existence of the F−geodesics. The theory of differential systems with Cauchy condition leads to the following generalization of the mentioned result. Lemma 2.3. Let (M, F, ∇) be as in Notations 1. Then, for any p ∈ M and X p ∈ T p M, there exists a unique maximal F−geodesic passing through p and having the velocity X p .
Examples of F−geodesics (i)
If F is identically zero, then an F−geodesic becomes a classical geodesic, and moreover an F−geodesic up to a reparameterization becomes a geodesic up to a reparameterization.
(ii) When F is the identity endomorphism up to a multiplicative function, then an F − eodesic is a geodesic up to a reparameterization.
(iii) In the context of Lagrangian mechanics, the Euler-Lagrange equations of systems with frictions, i.e. with non-conservative forces F i (not of gradient type) take the form d dt
where L(t, q,q) denotes a Lagrangian function, depending on the coordinates (q i ) (and on their derivativeṡ q i ) of a submanifold M, which are given by
with the cartesian coordinates (x 1 , . . . , x n ). For the general theory of a Lagrange space (M, L) we refer to [19] . We assume here that the dissipative forces F i are expressed by:
where ( f ij ) i, j=1,k are the function coefficients.
To focus on the classical example in mechanics, we take in particular the function L(q,q) to be the kinetic energy T for a particle of mass m:
where ( ij ) i, j=1,k is a Riemannian metric on M. Then, in view of Definition 2.1, the trajectory of a particle described by (3) (with (4) and (5)) is an F−geodesic.
(iv) In the 3-dimensional Riemannian case, let F be the Lorentz force setting as:
where B is the magnetic induction. Then the notion known in literature as a normal magnetic curve (see [1] - [3] , [8] , [11] , [21] , [27] ), can be redefined in view of Definition 2.1, as being an F−geodesic γ(s), parameterized by its arc length, where F is the Lorentz force.
To extend the above statement to the 3-dimensional pseudo-Riemannian case, we take into account that a lightlike curve (see e.g. [12] ) cannot be parameterized by its arc length. Therefore, the statement remains true for any spacelike or timelike arc length parameterized curve γ(s), only.
(v) In higher dimensions, F may be the electro-magnetic tensor field, whose action on particle trajectories was studied e.g. in [23] .
(vi) We provide now another example of F−geodesics, by using the Lorentz force defined on a (pseudo) Riemannian manifold of arbitrary dimension.
To do this, we recall the following notions for which we quote e.g. [2] : Definition 2.4. On a (pseudo) Riemannian manifold (M, ), a closed 2-form Ω is called a magnetic field if it is associated by the following relation to the Lorentz force Φ, defined as a skew symmetric (w.r.t. ) endomorphism field on M:
The Lorentz force Φ is a divergence free (1,1)-tensor field (i.e. div Φ = 0). Let ∇ be the Levi-Civita connection of , and let q be the charge of a particle, describing a smooth trajectory γ on M. Then the curve γ(t) whose speedγ(t) satisfies the Lorentz equation
is known in the literature as a magnetic curve of the magnetic field Ω.
According to Definition 2.1, the above Lorentz equation expresses the relation satisfied by an F−geodesic of M, where F is defined by FX = qΦ(X), ∀X ∈ Γ(TM).
The action of the Lorentz force on particle trajectories in the sense of the present paper was studied e.g. in [23] .
Constructions of F−geodesics on TM by using lifts
Here, we use the well known method of lifting some geometric objects from the base manifold M to the total space of its tangent bundle TM (for which we mention the classical monograph [32] ), aiming to provide some new classes of F−geodesics on TM. 
The horizontal lift of a vector field X ∈ Γ(TM) has the property:
for every function f on M, where (2) is satisfied. Considering the horizontal lift in (2), then using (9) and the following properties of the horizontal lifts of the (1,1)-tensor field L and of the conection ∇:
we obtain
Since any vector field X ∈ Γ(TM) vanishes if and only if its horizontal lift X H vanishes, then the equivalence between the relations (2) and (11) follows, and hence (ii) is proved.
In the particular case when α(t) = 0 and β(t) = 1, one obtains (i).
Our aim now is to obtain another class of F−geodesics on the total space of the tangent bundle, by using metrics of natural type.
On a Riemannian manifold (M, ), let ∇ be the Levi-Civita connection of . We denote by π : TM → M the tangent bundle of M, whose total space is endowed with a natural diagonal metric G, i.e. a metric defined by:
for all X, Y ∈ Γ(TM), y ∈ TM, where c 1 , c 2 , d 1 , d 2 are smooth functions depending on the energy density ρ of y, defined as
The metric G is positive definite provided that
When c 1 = c 2 = 1 and
The Levi-Civita connection of G, denoted by ∇ has the following expressions on the horizontal and resp. on the vertical distribution of TTM:
for all X, Y ∈ Γ(TM), y ∈ TM, where R is the curvature tensor field on the base manifold M. By using the expression (15), we provide the following: (ii) The above assertion remains true, if instead of an "L−geodesic" (resp. an "L H −geodesic") we take an "L−geodesic up to a reparameterization" (resp. an "L H −geodesic up to a reparameterization").
Proof. Let γ be an L−geodesic up to a reparameterization (w.r.t. ∇) on M, i.e. γ satisfies
where α and β are some smooth functions on the curve. For X = Y =γ, the relation (15) becomes
Replacing (16) into the above relation, and taking into account (9) and (10), if follows that
if and only if
From [10, Lemma 3.2] it follows that the coefficients involved in the above relation vanish, and thus item (ii) is proved.
If in particular α = 0 and β = 1, it follows that item (i) is also true. (ii) an L−geodesic up to a reparameterization w.r.t. ∇ if and only if the integral curve of the horizontal lift X H to TM is an L H −geodesic up to a reparameterization w.r.t. S ∇.
At the end of this section we focus on a special class of F−geodesics, namely the class of geodesics on the total space of the tangent bundle.
Remark: Based on the fact that the horizontal lift ∇ H and the complete lift ∇ C to TM of a linear connection ∇ from M are both vanishing on the vertical distribution, i.e.
we note that the integral curves of the vertical lift of any vector field X on M to TM are geodesics w.r.t. both ∇ H and ∇ C .
On TM, instead of ∇ H and ∇ C , as above, we take now the Levi-Civita connection of a natural metric, to obtain the following: (ii) a geodesic up to a reparameterization, w.r.t. ∇, if and only if
where k 1 and k 2 are two real constants, chosen such that the function c 2 be well defined.
Proof. (i)
From (14) if follows that the integral curve of X V is a geodesic if and only if
for any vector field X on M and any vector y tangent to M. Writing (18) in local coordinates, and then using [10, Lemma 3.2], we obtain that all the involved coefficients vanish, and item (i) is proved.
(ii) The integral curve of the vertical lift X V of an arbitrary vector field X on M is a geodesic up to a reparameterization, w.r.t. ∇, if and only if there exists a function α on γ(t) such that
for any vector field X on M and any point of the curve γ(t) = (x(t), y(t)) ∈ TM. The relation (19) holds good if and only if the last two involved coefficients vanish, i.e. the functions c 2 and d 2 are expressed by the relations (17).
Corollary 3.5. On a Riemannian manifold (M, ), let X be an arbitrary vector field, and denote by (TM, S ) the total space of the tangent bundle, endowed with the Sasaki metric. The integral curve of the vertical lift X V of X is a geodesic w.r.t. the Levi-Civita connection of S .
F−geodesics w.r.t. special connections

Vranceanu connections
On a Riemannian manifold (M n+1 , ), let F be a 1-codimensional foliation. Then there exists a distribution D of dimension n, tangent to F and a vector field ξ such that the orthogonal distribution D ⊥ can be written as D ⊥ = span{ξ}. The latest distribution is called the transversal distribution, to the foliation F . If ∇ is the Levi-Civita connection of , then the Vranceanu connection ∇ * on (M, , F ) is defined (see [6] ) by
where P and Q are the projection morphisms from TM on D and D ⊥ , respectively.
Proposition 4.1.
Under the above notations, we assume that a vector field V tangent to the foliation is parallel w.r.t. ξ. Then V is self parallel w.r.t. the Levi Civita connection of the foliation F if and only if any integral curve of V + ξ is an F−geodesic on M w.r.t. Vranceanu connection, where F is defined by
Proof. From the above hypothesis we have thatγ can be written aṡ
and then, relation (20) yields:
Since V = Pγ and ∇ ξ V = 0, we obtain
which can be written as:
Note that the restriction P∇ PX PY, for every X, Y ∈ Γ(TM), defines the Levi-Civita connection on the foliation F , and thus the proof is complete.
Adapted connections
Let (M, ϕ, ξ, η) be an almost contact manifold, that is ϕ, ξ, η are respectively a (1, 1)−tensor field, a structure vector field and its dual 1−form, such that
From (23) one may easily deduce that ϕξ = 0 and η • ϕ = 0 (see [7] ). Therefore, TM splits into the direct sum:
The class of almost contact manifolds (see e.g. [7] , [9] ), as well as the almost para-contact ones are used in physics (see [4] , [20] ).
Let∇ be an arbitrary connection on M. From [15] and [22] , a connection ∇ is adapted to the almost contact structure (i.e. ∇ satisfies certain compatibility relations with (ϕ, ξ, η)) if and only if
where H is an arbitrary (1, 2)−tensor field.
By using (1) and (25), after a straightforward computation we obtain: Proposition 4.2. Let γ(t) be a smooth curve on an almost contact manifold (M, ϕ, ξ, η), whose velocityγ(t) has constant projection on ξ (when it is decomposed by using formula (24)). Then γ is a geodesic w.r.t. an arbitrary linear connection∇ if and only if it is a 2ϕ−geodesic w.r.t. the adapted connection (25) , where H is given by
F−planar diffeomorphisms
On a couple (M, F), a natural question would be how are related two linear connections having the same F−geodesics. For this purpose we introduce here the following: Definition 5.1. Let (M, F) be a manifold endowed with a (1, 1)−tensor field. Two linear connections ∇ and ∇ are called F−projectively related to each other, if they have the same system of F−geodesics up to a reparameterization.
Notations 2: (i) If ∇ and ∇ are two symmetric linear connections on a manifold M, then the deformation tensor field S will denote the symmetric (1, 2)−tensor field, given by:
Obviously, for any common F−geodesic γ(t) of ∇ and ∇, one has
where a and b are some smooth functions on the curve γ(t).
(ii) We say that the deformation tensor field S satisfies the coefficients linearity (CL) condition, if for any common F−geodesic in the relation (27) , the coefficients a and b depend linearly on the speed of the curve. Precisely, S satisfies the (CL) condition, if there exist two 1−forms ν, µ ∈ Γ(T * M), such that
for each common F−geodesic of ∇ and ∇.
We recall here the following notion ( [13] , [17] ):
Definition 5.2. We say that two symmetric linear connections ∇ and ∇ on M are related by an F−planar diffeomorphism if:
for some 1−forms ω and θ on M.
We recall that a linear connection ∇ is called an F−connection if F is parallel w.r.t. ∇, i.e.
Remarks: (a) Obviously, for a symmetric linear connection ∇, it follows that ∇ given by (29) is also symmetric and the relation (29) establishes an equivalence relation on the set of all symmetric connections. (b) In the case when one of the symmetric linear connections ∇ or ∇ is an F−connection it follows that the other one is an F−connection, too, if and only if
The following theorem is similar to [18, Theorem 9.2] , obtained under a different hypothesis:
Theorem 5.3. On a manifold M, endowed with a (1, 1)−tensor field F, any two symmetric linear connections which are F−projectively related to each other, and whose deformation tensor field S satisfies the (CL) condition, are related by an F−planar diffeomorphism.
Proof. If we assume that ∇ and ∇ are F−projectively related to each other, then from (2) one has (27) . By taking into account Lemma 2.3 it follows that S(X, X) = a(t)X + b(t)FX, ∀X ∈ Γ(TM).
Since S satisfies the (CL) condition, one has:
From the symmetry of S, by taking ω = 2ν and θ = 2µ, one has:
which gives the relation (29) . The converse is obvious and the proof is complete.
In order to show the consistency of (CL) condition, and to highlight some cases in which the hypothesis of Theorem 5.3 is satisfied, we provide the following:
Examples: On a couple (M, F), let S be the deformation tensor field of two symmetric connections ∇ and ∇.
(i) When F is zero, then ∇ and ∇ are F−projectively related if and only if they are projectively related (i.e. their system of geodesics coincide), which is equivalent (see [29] ) to the fact that ∇ is obtained by a projective transformation of ∇, i.e.
In this case S satisfies the (CL) condition with a(t) = 2ω(γ(t)) and b(t) = 0.
(ii) When F is a complex (resp. product) structure, parallel w.r.t. both connections, then ∇ and ∇ are F-projectively related if and only if they are holomorphic projectively related, which is equivalent from [31, pp. 255-266] (resp. [24] and [25] ) to the fact that ∇ is a holomorphic-projective transformation of ∇, i. e.
where ε = −1 (resp. 1).
In this case S satisfies (CL) condition with a(t) = 2ω(γ(t)) and b(t) = 2εω(F(γ(t))), where ε = −1 (resp. 1). Note that the above examples are particular cases of Theorem 5.3.
Lemma 5.4. On a manifold M endowed with a (1, 1)−tensor field F, let ∇ and ∇ be two symmetric F−connections, which are F−projectively related to each other by the relation (29) . Then their Riemannian curvature tensor fields R and R are related by
where:
for every X, Y ∈ Γ(TM).
In order to prove the lemma, in the expression of the curvature tensor field R associated to ∇:
we replace ∇ from (29) , and by using (30), we obtain (35) after a quite long straightforward computation.
Foliations
On a Riemannian manifold (M n+1 , ), let F be a 1-codimensional foliation. Then there exists a distribution D of dimension n, tangent to F , a unit vector field ξ, orthogonal to the foliation and a projector operator P on D. Let ϕ and η be a (1,1)-tensor field of maximal rank (i.e. n) on the foliation F , and respectively the dual 1−form of ξ, i.e.
We can extend ϕ to the whole manifold M by F defined such that
We denote by C the class of all symmetric linear connections ∇ on M, such that
and
for all X ∈ Γ(TM). 
(c) The commutation relation follows:
Proof. The statement (a) can be obtained from (41). The relations (40) and (41) yield (b), which implies the first equality in (43), while the last equality holds good since P and F have the same kernel and P is a projection on the image of F. 
Proof. Let any vector field X ∈ Γ(TM) be decomposed as:
Restricted to the foliation, both connections ∇ and ∇ become F−connections and we show now that their deformation tensor field S, given by (26) , satisfies (CL) condition. If V denotes the speed vector field of an arbitrary F-geodesic (common to ∇ and ∇), tangent to the foliation, then V satisfies the relation S(V, V) = aV + bFV,
Remark: In the above theorem, if U and F 2 U are collinear, but not collinear with FU, then from Lemma 6.1 (a), we may apply (31), which yields β(FU) = α(U), for any vector field U tangent to the foliation F , (since restricted to the foliation, α and β coincide respectively with ω and θ). 
By a long calculus similar to the one given in [15] and [22] we obtain:
where L is defined in the same way as L, by using ∇ instead of ∇. With the substitution of (58) into (57), the invariance of W follows.
